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The theoretical framework of data-driven computational mechanics presents an alter-
native formulation of mechanics, whereby optimal material states are sought within
a dataset that most closely satisfy momentum and energy conservation principles.
We review the framework for the case of simple and nonsimple (polar), elastic and
inelastic media, which represent common descriptions for geomaterials. Data min-
ing from experiments and high-fidelity lower-scale simulations (DEM,FEM) are dis-
cussed, while remedies for data scarcity (adaptive data sampling) are also high-
lighted. Representative examples of a flat punch indentation and a rupture through
a soil layer are presented, and a link to open-source Python code is provided.

1 Introduction

Predictive models in geomechanics have traditionally relied on continuum model-
ing via the formulation constitutive equations [DL82, MA91| [VA91l |OP04, [DMO04,
DNOSL[BAO6L IHPO6], discrete particle-based models [CS79,[Bar94, KAVA1S]], as well
as multiscale techniques that bridge the continuum and discrete scales [CMNNS1,
NDRO5, IKRBO7, IAT09, IGZ14, IRY11]]. Initially informed by macroscopic experi-
ments [RSW58|, IRos70], and later by high-fidelity grain-scale resolved experiments
[HBD™10,|AHV ™ 12], these models have been succesful in capturing essential aspects
of granular materials and, more generally, geomaterials including pressure-dependent
elasticity, history-dependence and critical state, fabric evolution, nonlocality. Despite
their success, further progress has been hindered by numerous challenges including
the uncertainty related to the models at different scales, as well as their complexity
and the associated laborious process of calibration.

Recently, a variety of data-driven approaches have been developed in order to tackle
the challenges outlined above, most importantly the bias, complexity or inefficiency of
these methods, while incorporating information about the underlying mechanics and
physics. These include physics-informed neural networks [HRM™21]] with a built-in
structure of elastoplasticity [EPW22|[HAV23| [VS23]], or with incorporated thermody-
namics constraints [MSVMB21,[HHR2?2]|. Despite the physical basis of these models,



they are often hard to interpret, and could suffer from generalization errors for unseen
stress-strain paths. An alternative approach which is not based on learning a consti-
tutive law, but rather relies directly on the raw data is furnished by the framework of
Data-Driven Computational Mechanics (DDCM), introduced Ortiz and co-workers.
In DDCM, the mechanical problem is reformulated in terms of distances between a
material dataset obtained from experiments, and an equilibrium set where the states
that satisfy the physics reside. The method has been extended in various directions in-
cluding inelasticity [EKR™ 19}, nonlocality [KOAZ2T], stochasticity [PRO23], fracture
[CDLSO20] and breakage mechanics [UGK ™23, and has been coupled with model-
based approches [BS21]] and machine-learning techniques [ESOR21} [BS22] have also
been developed in an effort to boost the efficiency and robustness of the method. The
source of the data can be experiments [LCRT 18] or high-fidelity micromechanical
calculations [KSOA20].

The chapter is organized as follows. In Section [2.1] the framework of data-driven
mechanics is presented for simple continua, which is then extended to micropolar
continua with a microstructure in Section2.21 The enhancement of the framework to
inelasticity is addressed in Section Then, the source of data (experiments, mi-
cromechanical simulations) is discussed (Section [2.4)), focusing also on data scarcity
and how it can be efficiently overcome. We finish with representative examples and a
link to an open-source code repository (Section [3)).

2 Data-Driven Computational Mechanics

2.1 Cauchy Continuum - Elasticity

Let’s first restrict our attention to the geometrically linear mechanical problem of a
simple (nonlinear) elastic body that is discretized into /N nodes and M material points
(Fig . The body is subject to applied forces f = {f*}2_,, and undergoes displace-
ments u = {u®}2_; atits nodes. The state of each material point is described by a
stress-strain pair indicating a point in the local phase space i.e., z° = (e¢,0°) € Z¢,
and the state of the entire system is collectively a point in the global phase space
z = {z°}), € Z. The system is subject to the following discretized compatibility
and equilibrium constraints:
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where N°® is the shape function of node « evaluated at the material point e within a
finite element approximation scheme, and {w. }*L, are elements of volume. The set
of global states satisfying the above constraints define the equilibrium set E.



Instead of relying on a constitutive relation of the form ¢ = o¢(&¢) for closure,
the Data-Driven formulation of the problem consists of finding the global state z that
satisfies the compatibility and equilibrium constraints and, at the same time, mini-
mizes the distance to a given material data set D. Therefore, the local phase spaces
Z are equipped with an appropriate metric:
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where C¢ is a symmetric positive-definite tensor. Although the purpose of this tensor

is numerical, and does not represent actual material behavior, it is typically given as
the isotropic linear elasticity tensor:

Cijk = Migor + p(dikdj1 + diadjn) S

Note that this introduces two parameters A, i to the problem, the choice of which may
generally affect how well the comparibility or equilibrium constraints are satisfied. To
avoid this issue, and at the same time, obtain a parameter-free scheme, one can alter-
natively introduce a nested optimization problem within the definition of the distance
as follows (e.g. [KOA21]):

|z°| = min C°(\, p)e®-e+ (Cefl(/\,,u)ae-ae (%)
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In the following, we will assume that a constant C¢ is used, for the definition of the
distance in the phase space. As a result, a metrization of the global phase space Z is
induced by means of the norm:

N
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The problem is mathematically formulated as:
o _ 6
min min |z — y| (6)

where z denotes the mechanical state of the system i.e., the set of stress-strain pairs
that satisfy equilibrium and compatibility, and y denotes the material state of the
system i.e., the set of stress-strain pairs in the dataset.

The compatibility constraints are imposed by means of direct substitution, while the
equilibrium constraints are enforced using Lagrange multipliers, resulting in the sta-
tionary problem:
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Figure 1: a) Simple continuum with granular microstructure. b) Illustration of the
stress-strain states in the material data set (D), and their projections on the equilibrium
set (F) with highlighted iterative procedure leading to a minimum distance solution.

Taking all possible variations (dug', dof;, o), and manipulating the resulting equa-
tions, one obtains a system of Euler-Lagrange equations [KO16]:
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where z¢ = (e, 0¢") are the optimal local data points in the data set D that result
in the closest possible satisfaction of the constraints. Eqs [§] and [9] represent two
standard linear elasticity problems, one in terms of u , and one in terms of 7.

Solution algorithm

Note that the optimal local points y¢ = (¢, 0¢" ) in the data set D® are not known a
priori, which therefore calls for an iterative solution scheme. The simplest algorithm
involves a fixed point iteration, where a fixed material state y*) is projected onto
E (ie. Eqgs d)are solved) to obtain the updated mechanical state z(*), where k
denotes the iteration number. Then a search through the data set is carried out to
find the closest material state y(**1), and the process is repeated until the material
states remain unchanged. For more details the interested reader is referred to [KO16,
KSOA20].

2.2 Micropolar continuum - Elasticity

The simple or Cauchy continuum is known to have limitations when it comes to mod-
eling geomaterials especially in the failure regime (shear localization), due to the ab-
sence of an internal length scale [MV87]. In this section we describe the extension
of the data-driven computational mechanics framework to the micropolar continuum,
following [KOA21]]. We therefore proceed to consider the mechanical problem of a
(nonlinear) elastic micropolar body that is discretized into N nodes and M material
points, similar to Section 2.1 However, the body is now subject to not only applied



forces f = {f*}_, but also moments m = {m°®}Y_, (Fig.[2). Its kinematics are
described by displacements u = {u®}"_; and microrotations 8 = {#*}_, at its
nodes. Analogously, The state of each material point is described by a stress-strain
pair (£°, 0¢) and couple stress-curvature pair (k¢ u¢), which alltogether constitute a
point in the local phase space i.e., z° = (e, k¢, o¢, u¢), and the state of the entire
system is collectively a point in the global phase space z = {z°}*, € Z. The mi-
cropolar system is subject to the following discretized compatibility and equilibrium
constraints:
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where, besides the quantities already introduced in Section 2??, €;;y, is the third-order
permutation tensor. The set of global states satisfying the above constraints define the
equilibrium set E.

Analogously, we assume that a data set D is available, where material states reside.
The micropolar formulation of the data-driven problem involes finding the global state
z that satisfies the compatibility and equilibrium constraints and, at the same time,
minimizes the distance to the material data set. To this end, we shall extend the met-
ric introduced in the Cauchy continuum, to account for the additional kinematic and
conjugate kinetic measures present in the micropolar continuum:

|Ze| = (CCet.g _i_Dene_K/e_i_C(fla_e.a,e_i_De*l Ne_ue (14)

where C°, D¢ are the isotropic micropolar elasticity tensors, which once again do
not reflect actual material properties, but are introduced for solely distance-inducing
purposes:
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The Data-Driven problem retains the the same mathematical formulation as in the
Cauchy problem:
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Figure 2: a) Micropolar continuum with granular microstructure. b) Illustration of the
stress-strain states in the material data set (D), and their projections on the equilibrium
set (E) with highlighted iterative procedure leading to a minimum distance solution.

with the difference that the state space has higher dimensions, due to the presence of
the additional conjugate quantities related to the field of microrotations.

The stationary problem reads:
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Taking all possible variations (dug', 667, dof;, opu5;, ongt, 6¢f"), we obtain the following

.
system of coupled Euler-Lagrange equations:
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where z¢ = (se* ko, ue*) are the optimal local data points in the data set

D¢ that result in the closest possible satisfaction of the constraints. Eqs (19]20) and



(21)22) represent two micropolar linear elasticity problems, one in terms of u, 8 , and
one in terms of 1, ¢.

2.3 Extension to inelasticity

Practical applications in geomechanics often concern deformations beyond the elastic
regime, which involve history-dependence and irreversibility. For conciseness we will
present the extension to inelasticity for the Cauchy problem, but the inelastic extension
for the micropolar problem follows analogously [KOA21]. To this end, we attend to a
time-discrete formulation, whereby the Data-Driven problem of at time ¢;; reads:

min min Zk1t1 — Yk+1 (23)
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where zj,11 = {z{ }}., € Zand z | = (ef,,,0,,). The time-dependent
constraint set Ej; arises from the time-dependent applied forces i 1. Accordingly,
the behavior at a material point is described by a material data set Dy, ; of points that
is attainable at time ¢ given its past local history of deformation:

Dy iy = {(€k41,0%11) | past history } 24)

In practical terms, this implies that one has to deal with evolving material data sets.
The conceptually simplest yet computationally expensive parametrization of the his-
tory relies on keeping a (potentially truncated) memory of the strain history at a ma-
terial point [EKR™19]. This mathematically translates to:

Div1 = {(Eky1,0%t1) | {1 Fi<k} (25)

which resembles a data-driven formulation focusing on trajectories — rather than points
— in stress-strain space.

An alternative approach relies on enhancing the state space with a suitable set of inter-
nal variables g, which represent the evolving internal structure of the material at hand,
and encapsulates its history [KSOA20, EKR'19]. In this case, the material data set

admits the parametrization:
Dii1 = {(€hs1,0%41) | (ks 0%, q1)} (26)

The internal variable parametrization outlined above can be replaced or enhanced with
an energy-based parametrization, whereby the state space is augmented with the free
energy A and dissipation D, which are related to the state variables €, o via the prin-
ciple of conservation of energy and the second principle (Clausius-Plank inequality),
stated in a time-discrete setting as:
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The local material data set at time ¢ is then represented as:

Di = {(€hs1,0541) | (ek, %), } (28)

The above relation states that the admissible stress-strain pairs at time ¢, are those
that are thermodynamically consistent with the material state at time ¢;. The special
case where Dy, — Dj, = 0 defines a bounded equilibrium set (or elastic domain)
on the augmented state space. More details about the various options for history
parametrization can be found in [EKR™ 19, [KSOA20]. Note that in the case of the
internal variable and energy-based parametrization, the necessary quantities can be
obtained directly from lower scale models, e.g., as we will address in Section@

Regardless of the particular choice of parametrization of the local material data sets,
the global material data set then follows as:

Djt1 =D}y x...x DMt (29)

2.4 Data sampling

So far, we have assumed that material data are available, but we have not addressed
the source of the data, or their potential scarcity. In principle, data can be obtained
from various sources, either experimental or computational, and potentially combined
within the same simulation. The experimental identification of material data sets has
been addressed in [LCR™ 18]}, whereby a database of stress-strain couples is compiled
from a given displacement field — obtained though imaging techniques — and known
boundary conditions, by solving a distance minimization problem (Fig. 3] a). Alter-
natively, data can be compiled from high-fidelity lower scale simulations [KSOA20],
which for geomechanical problems typically amount to discrete element models in
case of granular assemblies, or finite element models of heterogeneous porous ma-
terials (Fig. [3]b). This approach gives rise a multiscale interpretation of data-driven
computing. In the latter case, homogenization principles shall be used to derive the
macroscopic quantities that describe the material states (stress, structural variables,
energetical quantities). These principles are reviewed below in the case of discrete
assemblies (e.g. granular media) and continuum representative volume elements (e.g.
porous rocks).

Homogenization of granular ensemblies

In the case where discrete element simulations (e.g. [KHA™20]) are used for the pur-
pose of generating the data, then the macroscopic material states (stress, strain, free
energy, dissipation, microstructural variables) need to be obtained from the discrete
quantities (particle displacements, interparticle forces). Assuming quasi-static condi-
tions, the average stress tensor of the granular assembly is given by [CMNNS1]:

1
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Figure 3: a) Identification of material data sets from in-situ experiment. b) Material
data sets extracted from micromechanical RVEs, with examples showing a granular
ensemble and a porous rock.

where the summation is performed over all contacts ¢ of all particles in the assembly
(unit cell), f¢ is the interparticle force, and 1° is the branch vector connecting the
centroids of contacting particles, and V' is the volume of the granular assembly. The
average strain € is obtained from the boundary deformation of the unit cell, and the
free energy density due to local deformation at the contacts is given by:

_ e 1 IE5 0% (1112
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where k,,, k; are the normal and tangential contact stiffnesses at an interparticle fric-
tional contact, respectively, and f7,, f{ are the normal and tangential components of
the interparticle force.

The dissipation can be computed incrementally by energy balance:
dD =0 :de —dA (32)
or, from the frictional slip at the interparticle contacts,

dD = dD" = % > ff - dus (33)

where du®sliP = (£ — gty /.

Microstructural measures acting as internal variables augmenting the state space (Sec-
tion 2.3) may similarly be obtained by averaging microscopic quantities. For example,
the commonly used contact normal fabric tensor :

1
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where N, is the number of contacts in the assembly, and n¢ is the contact normal vec-
tor. Analogous quantities can be obtained for nonsimple (polar) continua, as discussed
in [KOA21].

Homogenization of heterogeneous porous geomaterials

In the case where continuum microstructural RVEs are used to generate material data
sets, then similar principles apply. Assuming quasistatic conditions, the average stress
tensor of the micromechanical RVE is given as:

1
o= — t ®xdS (35)
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where t denotes the traction acting on the boundary of the continuum RVE, and x
denotes the position of the material point on the boundary.

The free energy, and dissipation are given simply by averaging, and energy balance
respectively:

A= / A(x) dx (36)
v
dD =0 :de —dA (37)
while continuum texture tensors, similar to Eq.[34] may analogously be defined.

Adaptive sampling

In the above, it was assumed that micromechanical calculations are carried out along
predetermined stress paths. In practice, these predetermined paths may not sufficiently
cover the state space as needed for a specific application or boundary value problem.
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Figure 4: Adaptive sampling procedure for multiscale data-driven computational me-
chanics.



In this case, we can leverage the formulation of data-driven computational mechanics
as a distance minimization problem, and identify, using unsupervised learning, regions
in state space with such poor data coverage. As shown in Fig.[4] these regions may
then be targeted with additional experiments or lower-scale simulations, in an active
learning manner. The result is a better coverage of the phase space for a given appli-
cation or problem. The interested reader is referred to for details on this
adaptive sampling technique.

3 Applications

We present here two representative examples that leverage the theoretical and algo-
rithmic depevelopments discussed above. The first one is a 2D flat punch indentation
of a model elastic medium, as shown in Fig. [5]a). For simplicity, we restrict our at-
tention to a simple and history-independent material behavior, by generating a dataset
of N = 10° stress-strain pairs via evaluating an isotropic linear elastic law. The
prediction was repeated using a sequence of successively larger datasets, until con-
vergence of the predicted response was obtained. This convergence can be verified
in Fig. 5] b), where the indenter force-displacement relation is plotted for increasing
dataset size. The code needed to reproduce the example is openly available in the au-
thor’s Github repository (github.com/kkarapiperis/ddcm-2D/)). In the second example,
shown in Fig. 5] c), a rupture propagates into a model granular material. In this case,
the material behavior is furnished by the homogenized response of a discrete element
assembly (Section[2.4), following the multiscale interpretation of the framework. The
resulting surface deformation profile at the end of the simulation is shown in Fig. [3]
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Figure 5: a) Example of a 2D flat punch indentation into an elastic medium. b) Inden-
ter force-displacement curve prediction for increasing size of the dataset. ¢) Example
of a fault rupture through a layer of model granular material. d) Predicted surface dis-
placement profile, and comparison with a fully resolved discrete element simulation.



d), which compares well with a fully resolved discrete element simulation of the same
problem.

4 Conclusions

In summary, the framework of data-driven computational mechanics, offers a novel
avenue to solving problems in geomechanics, including challenging ones that involve
failure and localized deformation. Free from the uncertainty of the classical con-
stitutive modeling approach and the caveats of machine learning models, the data-
driven formulation offers an alternative paradigm for computation. The need for large
amounts of data represents a potential pitfall of the method, which may be addressed
by the use of high-fidelity micromechanical simulations, augmenting data sets avail-
able from experiments. Finally, an additional remedy to the problem is furnished by
the use of adaptive sampling techniques.
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